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23 October 2023

What angle 6 € [0,180°] has

Alnswer: 120° or %rr



(Jr\ OJ.“?) F‘T’(‘J b lem session

Topic: equations of lines using vectors

Note: List 2 also has many tasks about planes. We will discuss those
next week.



Dok Frodu&

Cll bl

The dot product of two vectorsa = | @ |and b = | b, |,
Cl3 b3

also called the scalar product or inner product, is written as a - b (said
out loud as “A dot B”). It is a number that can be computed as either

—

v C_i b — albl +612b2 + a3b3

Oor

—

° G-b= ‘Zi‘ ‘b‘cos(angle between a and I;)



o b

(RM7)cosld =7 - cosf = 1/2
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Two vectors are called orthogonal if their dot product is zero.

o For non-zero vectors, this means they are perpendicular (or normal).
Why?

t‘;’:os(amgi,e) =0 < angle = 90°

o The zero vector is orthogonal to every vector.



~_

Which oka = [2, 1]

orb = |2, 3] is orthogonal to [2, —4]?



Give an example of...

o a non-zero vector that is orthogonal to w = [7, 3].
ALl are scalar mulkiples of [3, -7].

s a non-zero vector that is orthogonal to a = [3, —1, 2].

There are many totally different answers,
® anon-zero vector that is orthogonal to a = [3, —1, 2] and e (4,2, 35].

ALl are scalar mulkiples of [9, 7, -10], but it’s much
harder to see why or to find that vector in the
first place.



Cross pruc&u&

For 3D vectors only, the cross product of a and b, written @ X b and
spoken as “A cross B, Is the unigque vector that is

® perpendicular to both @ and b

® has length ‘ 67‘ ‘ b ‘ sin(6’), where @ is the angle between a and I;

o and points in the direction given by the “Right-Hand Rule”.

b ;
: TR 671
,

Right-hand rule for cross products
— —>
ax b

Right hand




Cross pruc&u&

For 3D vectors only, the cross product of a and b, written a X b,
can be calculated using only

A\

ixj=k ixk=1 kxi=j bxad=—(dxb)

and very careful algebra.

Right-hand rule for cross products

There is also a direct formula, but it’s ugly: el

)

al bl 612193 _a3b2
“3 % aiby—ayb,

Right hand



Example: Calculate [3, —1,2] X [4, 2, 5].
(3i~j+212)x(4i-:—zj+s/%)
3] - ] + zk)xée-l (3? -] + Z]/%)XZ]\ 4=t
?(kxz) + @(zxf) + (=YJx]) + -

1)

(“41 - 81) + (g 7 5j) r (4k + 6F)
-91 - 7] + 10k

1

The direct formula is faster butb requires more memorization.



Obvious (?) formulas: Surprising (?) formulas:

o B 4 e
C

H [d]m [ ] : [Z].H:adweﬂf

il ] Lr

Seia d bf—ce
p) [b] X [€] — Cd—df

AlSO‘T}‘ == V12+V2 i f
ae—bd

ac
We will S at all.
e will never use [bd]



Which of these calculations are possible if a € R? and 13 e R?

1928 +l; No (vectors have different dimensions)
s Yes (simpiv adding two numbers)

3. ab NG

4. axa No (both vectors must be 3D for x)

5. bxb Yes (nobe: it will be [0,0,0])

6. ad b Yes (scalar mulkiplication)

7. a-a+bxb No



Date: 30 October
Topics:

o Vvector subtraction

o magnitude of a vector
o dot product

| will write the formula ‘ Zi‘ ‘ , ‘ cos ¢ on the quiz paper for you.

| will not give you the formulas @b, + -+~ ory/a: + «-.

In the future, | will give you a formula for a X b if you need it.



